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We study theoretically the parallel quantum wires of the experiment by Auslaender et al. [Science 
308, 88 (2005)] at low electron density. It is shown that a Hall effect as observed in two- or three- 
dimensional electron systems develops as one of the two wires enters the spin-incoherent regime of 
small spin bandwidth. This together with magnetic field dependent tunneling exponents clearly 
identifies spin-incoherence in such experiments and it serves to distinguish it from disorder effects. 
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Since its discovery over a century ago the Hall effect 
has helped to uncover a number of most fundamental 
physical effects. Among the most famous are the quan- 
tization of electrical conductance in the integer quantum 
Hall effect Jj], the fractionalization of electric charge in 
the fractional quantum Hall effect [3| , and anomalous ve- 
locities due to Berry phases in ferromagnets [3, ■ 

In this Letter we show that, contrary to what one may 
expect, Hall measurements are also a powerful probe of 
one-dimensional quantum wires. We predict clear signa- 
tures of "spin-incoherent" physics in Hall measurements 
on tunnel-coupled, parallel quantum wires. The spin- 
incoherent limit of the interacting one-dimensional elec- 
tron gas is reached when the temperature T becomes 
larger than the spin bandwidth J, kT 3> J. This regime 
is a generic property of interacting electrons at low den- 
sities, when a Wigner crystal with large inter-electron 
spacing is formed. As one of the few known regimes of 
one-dimensional conductors that displays physics quali- 
tatively different from the conventional Luttinger liquid 
this limit has received much recent theoretical attention 
[E, S0]- Experimentally, however, it has not been iden- 
tified conclusively, yet. One of the most promising can- 
didate systems for reaching the low density regime re- 
quired for observing spin-incoherent physics are the semi- 
conductor quantum wires of the experiment by Auslaen- 
der et al., Rcfs. 8, 9]. The tunneling current in that 
experiment has shown a loss of momentum resolution 
at low electron densities. This finding was likely due 
to a breaking of translational invariance b y d isorder 
but it is also the main previously known [lO| signature 
of spin-incoherence in the experimental arrangement of 
Refs. 8, 9]. An experimental probe that is able to distin- 
guish spin-incoherent physics from the breaking of trans- 
lational invariance in that experimental setting is thus 
urgently needed if spin-incoherence is to be observed in 
such experiments. The Hall measurements proposed here 
are such a probe [ll | . 

In the experiments of Refs. [1, Q two parallel one- 
dimensional wires in a perpendicular magnetic field B 
are close enough for electrons to tunnel between them, 
see Fig. [TJ A Hall effect in this geometry should induce a 
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FIG. 1: Two tunnel-coupled, one-dimensional wires at a dis- 
tance d in a perpendicular magnetic field B. At low densities 
the conduction electrons form Wigner crystals. The crystals 
are sliding at velocities and when electrical currents fiow. 
The figure illustrates wires at J ^ kT. They have an effec- 
tively static spin configuration and an almost conventional 
Hall voltage Vh appears. 



voltage Vh between the two wires in response to a current 
/ flowing through them. For noninteracting electrons in a 
translationally invariant setup, however, no such voltage 
is expected. Tunneling then is momentum-resolved and 
occurs only between a few discrete momentum states. In 
the generic case that the current / that flows through 
the wires is not carried by any of the states that partic- 
ipate in the tunneling between them, the tunnel current, 
and correspondingly Vh, is independent of /. Neverthe- 
less, a transverse voltage can be observed in such exper- 
iments if translational invariance is broken or through 
electron-electron interactions. We show that at kT <^ J 
the breaking of translational invariance induces a trans- 
verse voltage T4j that is generically weak and very uncon- 
ventional in that it is nonlinear in i3. In contrast, in the 
spin-incoherent regime of kT ^ J a Hall effect as known 
from higher-dimensional electron systems is found, with 
a Hall voltage linear in B and /. This clear signature of 
spin-incoherence, distinguishing it from disorder effects, 
makes Hall measurements on parallel quantum wires a 
promising tool in the search for this new and exciting 
type of one-dimensional physics. 

The emergence of traditional Hall physics in spin- 
incoherent Wigner crystals is due to the nearly classical 
character of charge transport in this regime. When elec- 
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trical currents I'^ flow the Wigner crystals are sliding at 
velocities oc /. Here, the index fx € {u, 1} distinguishes 
the upper from the lower wire in Fig. [TJ At kT ^ 
the electrons on the lattice sites of the crystal are dis- 
tinguishable through the effectively static spins attached 
to them and therefore behave very similarly to classical, 



charged particles. They experience a Lorentz force cx / 
that induces an (almost) conventional Hall voltage. 

Calculation: To lowest order in the tunnel coupling 
A between the wires of a setup as shown in Fig. [1] th e 
tunneling current Jt between them takes the form [1^ 



It = e\\\^Y. / dida:dx'e-^-*+*«B [G>Ax,x' ,t)G<{x' ,x-t) - G<Ax,x\t)G>{x' ,x-t)\ . (1) 
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FIG. 2: Transverse resistance i?xy of two coupled quantum 
wires at /" — /'. At kT <^ (solid lines) the dependence 
on B is nonlinear. In the spin-incoherent case kT S> J*" (bro- 
ken line), in contrast, Rxy is linear in B with a slope greatly 
exceeding dRxy / dB\B=o at kT <C J'^ (solid line: Ak-plhr 3> 1; 
broken line: for identical wires). 



Here, Vt is the difference between the chemical poten- 
tials of the wires (we set Ti = \). In a magnetic field B 
the electrons experience a momentum boost = eBd 
when tunneling between the wires that are a distance d 
from each other 13|. Gu and G\ are the electron Green 
functions in the upper and the lower wire respectively. 
They depend on the currents that flow through the 
wires. 

Broken translational invariance: We first consider 
the case that translational invariance is broken, but 
kT <C J^, such that the wires have not entered the 
spin-incoherent regime. At sufficiently low energies such 
wires are described by Luttinger liquids [14] with Fermi 



In the experiments of Refs. [8|, |9| momentum conserva- 
tion is typically lifted through the finite length of the 
tunneling region, disorder, or a leakage of electrons into 
the surrounding two-dimensional electron gas with mean 
free path /id-2D- We first assume that the latter is 
the dominant mechanism, such that /br = 'id-2D. At 
eV < kT, v^\qB ± k"^ ± k\,\ we then find 



/t oc T" J2 / (^"fcp + f^'fcp - 9b) (2) 
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with a = —1 



Ei.e{c,s}(.9" +3" ^ +91 + 91 
f{k) = Zbr/(l + fc^'br)- The transverse voltage Vh is found 
as the counter voltage Va — —Vt needed to cancel the 
tunneling current. It = 0- When /" = /i, mimicking the 
higher-dimensional case, we find a transverse resistance 
R„j ^ Vk/I, where / = + /i, of 
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We make 



Rxy is nonlinear in B on the scale 



at |A/cF|,gB,C < (^fcp 
two observations: i 
Ai? ^ max{|AfcF|/ec?, (ed/br)"^}, as illustrated in Fig. 
m ii) the 'differential Hall coefficient' dRxy/dB\B=o = 
l/^^j.]/(2fcp)^ is suppressed below the 
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Hall coefficient ~ — l/e?i2D that one would ex- 

pect in a two-dimensional electron gas. Here, n2D = 
(n" + n})/d is an effective two-dimensional electron den- 
sity between the two wires with one-dimensional densities 
= 2A:p/7r. Also the Hall response to a differ- 

ence I^^^f = /" — /' between the currents through the 
wavevectors fcp, Fermi velocities Vp and interaction pa- wires, Rxy = —nqBAkp/e'^{Akp + + l^^. ) (again at 



rameters q f^ a nd 17^ of their charge and spin modes re- 
spectively [15|. We assume that translational invari- 
ance is broken over a length ^br that is shorter than 
the electron wavepackets such that Zbr shows in observ- 
ables, eV, kT < w^J/W, where V = max{Fr, /"/e, P/e}. 



lA/cFLgB,^ < ^f)> where = 
nonlinear in B on the scale AB. 
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response to a difference in currents dRxy /dB\B=o = 
[-8Akpkl,/{Akl + l^^f] X dRxy/dB\B=o, however, is 
strongly enhanced. Other mechanisms for the lifting of 
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momentum conservation are described by Eq. ^ with a 
(possibly) different /. Both of our main conclusions hold 
for any kind of translational invariance breaking and also 
in the regime Vs/hr > eVr, -f"/e, P/e > kT. 

One spin-incoherent wire: We next discuss the situ- 
ation that the upper wire has a low electron density, 
kp < kp, and exhibits spin-incoherent physics, kT ^ J", 
while the lower wire is still described by a conventional 
Luttinger liquid, kT <C This is motivated by the 
experiment of Ref. where the observed loss of mo- 
mentum conservation was attributed to only one of the 
two wires. We model the spin-incoherent upper wire fol- 
lowing Refs. Its Green function after the spin 
trace takes the form 17 1 

GU^,x',r) ^ -ij ^dkpl^^e^^'^ (4) 
x(e-»«^^(-)ct(a;,T)c(a;',0)e^«^="'(°)), 



and similarly for G^^. Here, c are spinless fermions 
that form a Luttinger liquid with interaction parameter 
< 1 inside the wire and is the number of fermions 
c to the right of point x. We describe a current-carrying 
spin-incoherent wire of finite length L contacted by non- 
interacting leads following Ref. 18] and evaluate Eq. (jH) 
by bosonization of the fermions c. Via the x-dependence 



of Nx the integrations in Eq. (|4]) generate a space depen- 
dence of fermionic amplitudes on the scale (fcp)"^- Since 
with our bosonization approach we access only the long 
wavelength limit we assume that a magnetic field is ap- 
plied in the plane of the wires that favors one of the spin 
states, 1 — _P| <C 1. The space dependence in Eq. ^ 
is then on the length scale {kp\np^)~^ ^ (fcp)~^. We 
expect, however, all results to remain qualitatively valid 
also at p| ^ Pi- We only evaluate Gut ^^^^ since the 
minority spin tunnel current is expected to be negligible. 

In the following we address the regime of moderately 
low voltages, kT,v^/L < eT^ < lnp|/(5 with S ~ 1/v^k^. 
In this regime we obtain 
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[at 1/kT :$> T 1/eV > (5/lnp|], where now 7i" = kp/n. 
As a consequence of spin-incoherence, Gu decays quickly 
as a function of a; — a;'. Assuming that this is the dom- 
inant mechanism for the lifting of momentum conserva- 
tion, maxjl/Zcp lnp|, ^/^glneVrd/kp} <^ Zbr, we then 
find from Eqs. © and ^ that 
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with the scaling exponents 

In our limit 1 — p| <C 1, the first factor in Eq. ^ 
consistently suppresses large momentum transfers qb + 
cr"fcp-|-cr'fcp, where our bosonization calculation is unreli- 
able. For simplicity we now assume that the denominator 
In^Pl + n'^la'' + (ge/fep) + (a-'fc^/fc^)]^ of the summand 
in Eq. ^ with tr", ct' = ±1 is much smaller than the de- 
nominators in all other summands such that all but this 
one summand may be neglected. 

We first note that, in contrast with the conventional 
Luttinger liquid, the tunneling current as a function of 
the applied voltages obeys a power law with an expo- 
nent ag- that depends on the magnetic field B. The 
i3-dependence of ag- is due to a Fermi-edge singularity 
[3,|23| with scattering phase shift S(p = {a^kp + (j'fcp + 

)/"-"• To understand the origin of this phase shift we 
analyze the tunneling rate, given by amplitudes for the 



addition of an electron to the wire multiplied by complex 
conjugated amplitudes, describing the removal of an elec- 
tron. As a consequence of spin-incoherence, these pairs 
of amplitudes are constrained to add and remove a spin 
at the same site of the spin configuration of the Wigner 
crystal (otherwise the spin expectation values are sup- 
pressed by powers of pi). Suppose that an electron in 
the Wigner crystal crosses the point of tunneling during 
the time between the addition and the removal of a tun- 
neling electron. This shifts the spin background by one 
lattice site. The above constraint can thus only be satis- 
fied if the locations for the addition and the removal of 
the tunneling electron in space differ by the inter-electron 
distance Ax = 1/n". The phase {a^kp + a'fcp -I- qB)Ax 
that the tunneling electron picks up as a result trans- 
lates into the effective phase shift Sip for the electron of 
the Wigner crystal that crossed the point of tunneling. 

When a current J" flows through the upper wire (at 
/' = 0), the upper crystal slides at velocity = /"/en". 
So does the point of tunneling, which makes the phase 
shift Sip time-dependent and thus induces a (Hall) voltage 
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between the wires. As before we find from Eq. ^ that 



(8) 



The first term in Eq. ([5]) remarkably describes a con- 
ventional Hall effect as known from higher dimensions 
with Ry{ = r'^ at = /d (n' does not enter 
since the lower wire does not participate in the Hall ef- 
fect). The second contribution to Vh, proportional to 
R'^y — — o-'/cp/e^n", resembles the anomalous Hall resis- 
tance in ferromagnets and does not vanish at B = 0. Its 
origin is best understood in the reference frame comov- 
ing with the sliding Wigner crystal in the upper wire. In 
that frame the energies of the electrons at the two Fermi 
points (t' = ±1 of the lower wire are shifted relative to 
those in the rest frame by v^a^krp through a Galilean 
boost. The resulting shift in chemical potential results 
in the extra voltage described by R'^y . Note that Eq. ([5]) 
is invalid in zero magnetic field since our above assump- 
tion that one summand in Eq. ([5]) dominates cannot be 
satisfied. In zero magnetic field one finds R'^y = 0, so no 
anomalous Hall effect as in ferromagnets can be observed 
in this system. Current flow in the lower wire does not 
modify the Hall coefficient, but only changes R'.j.y 

Two spin-incoherent wires: We now analyze the sit- 
uation that both wires are spin- incoherent, kT ^ J'^. 
At low voltages | \n{eV5)\ > t:'^ / g{\np^^Y , kT < eV , we 
have 
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with g = .g"5'n"?i7[g"(ri')^ + [n'^f] and a = 1/2^" + 
I/2.gi + .gg|/2fc^fc|, - 1. We find 



Vn = B Rnl 



(10) 



2l|. Unlike Eq. ([5]), that was derived under a in- 
dependent condition that allowed to neglect terms in Eq. 
(O , Eq. (fTU]) predicts a Vh linear in B in the entire range 
of validity of our bosonization approach (set by the scale 
min{/cp, fcp}). This contrasts clearly with the conven- 
tional Luttinger liquid regime, where Vh becomes non- 
linear on the scale A/cf, as shown in Fig. [2] The Hall 
coefficient Ru = -(5d/2e)(l/.g"n' + l/y'n") is again of 
the order of the classically expected one and thus strongly 
enhanced compared to the conventional Luttinger liquid 
(see Fig. [3]). The magnitude of the Hall response to the 
difference between the currents through the two wires 
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-{gd/2e){l/g^n} — 1/g^n^) is now smaller than 



i?H, while it had been found to be strongly enhanced 
in the absence of spin-incoherence. Counter-intuitively, 
the Hall response to currents in the wire with the lower 



electron density (found as i?H ± Rji^ with the positive 
sign if the upper wire has smaller density than the lower 
wire) is smaller than the one in the wire with higher den- 
sity - although the lower density crystal slides faster and 
experiences a stronger Lorentz force at J" = The con- 
ventional relation Vh — Ti^Pl holds only if both crystals 
slide at the same velocity — /"/en" = P/eri^ — u'. 
Also these features are readily understood by analyz- 
ing the rate of tunneling between the wires. The ad- 
dition and the removal of an electron in each pair of am- 
plitudes that contributes to it typically occur within a 
time tx ~ l/eVr- Spin- incoherence again constrains the 
two amplitudes for adding and removing a spin to act 
at the same site of the spin configuration of each wire. 
If v^, however, the spin configurations of the two 

wires are diverging in space at the average speed z;" — w'. 
After the time tx they can be aligned only if the two 
crystals are compressed by amounts Ax" and Ax' with 
Ax" — Ax' = — (w" — f')tT- This costs an elastic energy 
Eoiastic oc (n"Ax")^/(7" + (n'Ax')^/^'. Maximizing the 
probability exp(— S") of the corresponding deformation, 
where S oc Eciastic, under the constraint Ax" — Ax' — 
-(w" - v^)tT wc find Ax" = -tT(w" - v^)gn^/n'^g\ This 
distortion of the crystals results in a modified effective 
velocity of an electron during the tunneling process of 
Uoff = —{Rb_I -f i?[j~''/^~'')/(i. The corresponding Lorentz 
force implies Eq. (jTU]). Now the reason for the suppres- 
sion of the Hall coefficient of the low-density wire noted 
above is evident: because the electron configuration in 
the low-density wire is deformed more easily VeS (and 
thus Vh) is predominantly determined by the wire with 
the higher density and depends only weakly on the cur- 
rent through the low-density wire. 

Conclusions: We have studied tunneling between par- 
allel quantum wires at low electron density. An almost 
conventional Hall effect has been shown to emerge as 
the wires enter the spin-incoherent regime of small spin 
bandwidth. The Hall coefficient is of the order of the 
one classically expected at a given electron density and 
the Hall voltage only weakly depends on the difference 
of the currents through the two wires. In contrast, two 
wires in the absence of spin-incoherence with weak trans- 
lational symmetry breaking, A/cF^br ^ 1, have a Hall co- 
efficient that is suppressed under its classical value by 
a factor of (Akp/kp)'^, where Akp is the difference be- 
tween the Fermi wavevectors of the two wires with av- 
erage wavevector kp, while the Hall response to a differ- 
ence between the currents that flow through such wires 
is anomalously enhanced by a factor (k-p/Ak-p)^ com- 
pared to the response to the average current. More- 
over, wires in the conventional regime exhibit a nonlin- 
ear magnetic field dependence on the scale set by Akp 
(again for Afcp^br }^ !)• In contrast, spin-incoherent 
conductors are predicted to produce a transverse volt- 
age that is linear in the magnetic field up to a scale 
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of the order of the Fermi wavevectors themselves. This 
together with magnetic field dependent tunneling expo- 
nents clearly identifies spin-incoherent physics in exper- 
iments like those of Refs. [1, 0. In particular, it dis- 
tinguishes spin-incoherence from the effects of disorder. 
Such measurements are thus a very promising avenue in 
the search for this novel regime of interacting quantum 
wires. 

The author thanks very much P. W. Brouwcr and A. 
Yacoby for discussions of the results and valuable re- 
marks. 
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